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We consider gyroscopic stabilization systems (GSS) on a fixed base with due
regard to the fundamental properties of their elements [1] (elasticity, viscous
friction in the material of the elastic bodies, transient responses in the electri~
cal circuits of the system), We investigate the stability of the steady-state
motion under parametric perturbations [2, 3],

1, Let ¢t . ... ¢” be the angles of natural rotation of the gyroscopes, let the gyro-
motors be asynchronous (induction) motors, and, in steady-state motions, let G = b ==
const (i = 1, ..,r), The equations for GSS with synchronous gyromotors differ only by
expressions for the moments around the rotors' axes [4, 5], We denote by ¢, . . ., 4"
the mechanical, and by ¢"#',....4" " the electrical generalized coordinates, where
g, ..., q' are the precession angles of the gyroscopes, ¢'+', ..., ¢™(m - 1. r) are
the deviations of the ¢? from their values in steady-state motion, g¢mi1 .. . (8¢ =
m = 1) are the angles of rotation of the rotors of the stabilizing motors, ™, .. ., ¢"
are the deformations of the elastic elements, measured from their equilibrium position,
In vector notation
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The kinetic energy is 7 = 7y + Tp, where Ty is the kinetic energy of the mech-
anical part of the system with gyroscopes [6], 7 is the electromagnetic energy of the
systern [1] with the square matrices a = || ay; (q,,)] and L = || Ly; (Bip) | of dimensions
n X nand u X u,respectively, We assume that the potential energy IJ (qa), of the
elastic forces, the dissipative function Ry (G 9y) of the solid and viscous frictional
forces, and the dissipative function Rp (q,") of the currents, are holomorphic functions
whose expansions start with terms of not less than second degree, with matrices ¢ ==
lenil & =1 brj (@plh R =| Ry;| ,respectively.

We write the differential equations in A, V,Gaponov's form [1, 7], Letin [1] the
coefficients in the equations depend upon certain constant parameters a* = a® -{- &?,
the components of a ¥ -dimensional vector a = « -+ g, where ! is the rated value of
the parameter, ¢! is its perturbation, Further, suppose that some perturbing forces of
the form “ .

2 F/;j(q‘\[' qA[.v qF;.9 a)TJ (k:'17~- (2] n+“)
j=1

are acting on the system, where 77 are perturbations of parameters, the components of
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a x»-dimensional vector ¥, whose rated values equal zero, We assume the holomorphi-
city of all the functions with respect to the collection of variables in a region A

n n n—4u
N EPE< A D @< A D) (@<
i=1 i=1 i=n+1
x x
DER+ D aNR<As 4,>0
i==1 i=1
We take it that Fp;=0for k=1,..., m, j=v-+1,..., % 0V L «. since,

from the point of view of influence on stability, we can distinguish two groups of para=.
meters:

1) unessential parameters, small perturbations of which do not violate the system's
stability (as shown below, there are all the a', v'*1, ..., ¥ to which correspond, for
example, the moments of inertia, the debalance of the platform, etc,);

2) essential parameters, small perturbations of which may lead to system instabil~
ity (these are 7!, ..., 1" to which correspond, for example, the debalance of the gyro~
scope’s rotor, etc, ), The perturbations of parameters of type 2 give rise to additional
perturbing forces, at least, in the first m equations,

Suppose that the system of equations of a GSS (system (1) from [1] with the additions
indicated) admits of a particular solution, defining the steady-state motion, which we
take as the unperturbed one

9 =0, 95" =4qg, =4t +qg 9 =0 9 =0y d,= g,
q4=01 a-- o, YZO

Here q, is an arbitrary real vector from 4; the starred quantities satisfy the system
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where ©, @ are constant matrices, We consider a GSS with commutator machines
with fixed brushes (Bjx = 0).

2, Let us solve the problem of the stability of the unperturbed motion relative to
qp» 9y 9 under parametric perturbations, The problem posed is equivalent to the
problem of Liapunov stability with respect to q;. q,,’, 4g’, & y. The equations of un-
perturbed motion have the form

d . o . ’ " o
Tty T (°4- 890ty = Qp + Q" F iy (2.1

d . o - ” dq,; . de dy
ka2 Py QA Q" e Bty i ays =0 =0
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Here ¢, 8, 4 are matrices of dimensions » - n, 1 X 1. [ X «,respectively, £y Fr
are submatrices of the ( (# - v) . % )-matrix /" = | [';;] , of dimensions » -\ %, u « %,

respectively, Ry, [{;, Ry are submatrices of matrix £, of dimensions [ .. u, (it -- ) <
4, {0 —p) X u.respectively, Q,” and Q" are vector-valued functions, holomorphic
in the collection of arguments, whose expansions start with terms of second degree (there
may be first degree terms only in ¢) and
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| 72
where /7 is a matrix of dimension m X %, Q1" and 7, are m-and v~dimensional vectors,
respectively, Here we have retained the previous notation for the perturbed variables; the
values of the corresponding functions in unperturbed motion are denoted by an index
zero,

F

N

In (2.1) we make a change of variables q,, = v, - py, 9" = Vg -+ P, and then
9 = vi -+ pi (i = 1,2,3,4), respectively, Here v,; and v, are vector-valued functions
holomorphic in €, ¥ (v, and v, are null vectors), defined uniquely by the system

0 - H B0 Py, 0=Qy - Qp"0) 4 Fiy (2.2)
o i}
if its determinant -
A = lo" ][ R Q% 1 =E0
Its°

In system (2,2), Q2" (0), Q" (1) are the values of the corresponding functions when
qy; - 4p = q;, = 0. In the new variables Egs, (2,1) are

d . O o g =P " 1 F‘O 2.3
T Wy (° =gy qyy =Py = ( + .3
il . . dpy de dy
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Pyt = Qy (. P Pp’ = Qp" (Pap> Py)
where P, and P," are vector-valued functions, holomorphic in the collection of
variables p,;, Pg, 4, , & y . whose expansions do not contain terms of less than second
degree, Let y, == 0. Then, the following theorem is valid,

Theorem , If except for /» zero roots all the remaining roots of the characteristic
equation of system (2.1) without parametric perturbations have negative real parts, then
the unperturbed motion (the trivial solution of system (2,1)) is stable under parametric
perturbations of type 1 relative to 4z, 4y, qp,. As ¢ — ~ every perturbed motion
tends to one of the motions: gy =0, @ = Uy + vi. @z = Con gy = Gy g = U 4 0

q; = Up = v, where U, U, U, are holomorphic vector-valued functions defined
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by the system
A°pg

— ¢°pa + P gy = 0)s 0-=Pp"+Pp"(qy = 0) (2.4)

o

System (2.1) admits of a time-independent holomorphic Liapunov function

“1‘11\1' + (%) gy ¢ (qM.a qE', 9 & Y) = N,

where «y, ,, g, are submatrices of the ( m X n )-matrices of the same designation ;
¢.is an m-dimensional holomorphic function whose expansion starts with terms of not
less than second order, vanishing at

Gy =0, 92 = Vg + v q — Uy vy, e = Us 4 va

and at any qs, q3, &, y from A4; (;, N are arbitrary constant vectors determined by the
initial perturbations of the variables being considered,

Proof, We examine the stability of the trivial solution of (2, 3) relative to all the
variables p,, P, Q3 & V- We introduce the new variables

z=aqy + (0 g )Py, X1 oagy, X = Lo xaepn, Xi=pa

| -
;I X1 ‘ - 1l RIS ] el
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Transformation (2, 5) is nonsingular because its determinant A, is not zero, Indeed, to
within sign o s, go j=l41,..., s

Ar=|a]| |L|[gkj+b/.-j k=1,..., m

where by the theorem'’s hypothesis the characteristic equation D (b) = A™D; (L) = 0 of
the original system has only m zero roots, and to within sign

A
Dy (0) = [0 ||| g + by iy 1" | H2” 4 9| =0
15"
In the new variable Egs, (2, 3) become
dz dx; , . . dx: L . "
=L gom et Xy - Xy g = P X Xy
dxs dxa de dy: .
T dixi, g == dixy, rra 0, —p = 0 (2.6)
0 ©°X3 - R1°L7'x: ] X,
Xy = [Pl |,  Xp'=—| (R4 Q) L7kl Xy " s ‘{] d H
| —e°xs I°L71x, o
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Here dy. d,. ds. dy are submatrices of d,of dimensions [ X n, r £ 1y (8§ — m) K Ny
(n — s)xn ,respectively; Z, X", X" are holomorphic vector-valued functions whose
expansions start with terms of not less than second degree, which follows from the man-
ner in which they were formed, and Z (x; -= 0) = 0. Transformation is uniformly regular
[8], i. e, the problem of stability relative to the old variables is equivalent to the prob-
lem of stability relative to the new variables z, x. By the theorem’s hypotheses the
characteristic equation of system (2, 6) has, bgsides zero roots, roots only with negative
real parts, since the first-approximation system for (2, 6) can be obtained if in the first-
approximation equations for (2. 3) we replace the variables by means of a nonsingular
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linear transformation obtained from (2, 5) by substituting «° for « (v,; < p,. & . And
for linear systems with constant coefficients the characteristic equation is invariant un-
der non-singular linear transformations,

The algebraic system, obtained from (2, 6) if we set dxy/dt = 0 (i == 1,2, 5. 4), deter-
mines, under the theorem’s hypotheses, x; = W; (z, &, y,) as holomorphic functions of
their own variables for sufficiently small values of their moduli, and W, = ¢. while the
remaining satisfy the system
AL 1X3

— C°X1

U .1 + X, (x1 - 0) 0 — XE’ + X[':"(x] -0
|

In the old variables system (2, 4) corresponds to this system,

By the way in which it was formed we get that the vector-valued function Z (z, ¢, y,,
x = W) = 0. Thus, by using the appropriate theorems in [9, 10], we can conclude that
the trivial solution of (2, 6) is stable relative to all the variables z, x. &, ¥, and, as t —
oo, any perturbed motion tends to one of the motions

z=0C., x3 =0, x, = Wi (Coecye) (E=2,3. 5. &-=8, ¥2-"Yy

System (2, 6) admits of a holomorphic integral
24+ Oz, x—W. gy =N

where @ is a holomorphic m-dimensional vector-valued function not containing terms
lower than second degree and vanishing at x = W.Consequently, the trivial solution of
(2.86) is stable relative to z, x under parametric perturbations, We obtain the theorem’s
assertions by reverting to the original variables,

Note, We can show that the theorem is valid both for commutatorless machines as
well as under the assumption that the gyromotors are alternators whose moments are
[4, 5] M= ——ciql”——biq'“i—}— AN G RAL) TN (AR IR SRS |
where £i are holomorphic functions vanishing for ¢'*# = 0, q¥i=- 0.

Let us consider the influence of parametric perturbations of type 2 upon stability, i, e,
let v1 = (v'...71") == 0. By transformation (2, 5) we obtain a system in the new varia-
bles which differs from(2,8) only in the appearance of additional perturbing forces in
the equations, Let /1° == 0, for example, F),° == 0. We set the last v — 1 components
of ¥, equal to zero and we solve the problem of the stability of the trivial solution rela-

tive to 2, X, & Y. We take the scalar Liapunov function 1™ .= (a8 -} OHYYF1°. where
st -- b = N! s an integral of system (2.6). The derivative | relative to the pertur-
1
bed system Ve YL ()R A (Z, X, 8, )
m U .
T A . Jw .
2 (z, X, & ¥) - I {‘[ n — a4 Z P Fm -i Z g i J‘
k=1 t=-1

is a holomorphic function whose expansion starts with terms not less than first order,
Thus V* 2> 0, and there exists a sufficiently small neighborhood wherein V* = 0 only
for y! = 0, i,e, for I’ = 0. Consequently, by Chetaev's theorem the trivial solution
z=1U,x=0, e =0,y — 0 is Liapunov unstable, i, e, the unperturbed motion is un-
stable under parametric perturbations of type 2,

Let us now consider 7' (j == 2, ...,v), i,e, perturbing forces of the form #j2y* + . . . +
F1v7"y which we treat as constantly acting perturbations, The trivial solution is Liapunov
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unstable, therefore, by Gorshin's theorem [11], it is strongly unstable under constantly
acting perturbations,

In conclusion the author thanks V, M, Matrosov for guidance,

10,

11,
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